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Moduli” spaces are geometnz sslutions o dassfahon problems
Given: o St A Cg abjecs we want fo dass%
on equiv. velaion ~ on H
We wont o equip O/~ with o geom Stucture
d«m&ng how objeck vory onkinuously n fomuies
Hhistony - Riemann ¢oned fe tom ‘maul” ishilst dassifying
Compoct Riemann surfaces up o 13omorphusm.
Ouwr key exomples
1) Modu\ of quiver representahons

2) Moduli of vedor bundles on a smooth projechive cunse
(O\JU k=€ : compact Ryem. S\meoaz:)



We/lb see tnese moduli' problens have many similasitceo :
. '“Mﬂ are. |-dimensienal

. 'ﬂ\vd have assocraked smooth modwb stachs and
smooth modlul spac o& “%toble ob:)e.cm\\

+ They hove modub spoceS conshucked oS quohenss of
algz,bmic qrup achors wa, “Geomerre Tnuanant "ﬁcag‘\
Over k=C
. These moduli spos ove Kahier and ore (onshucted
Symplachically  va. Hamiltontan reduchon
* They hove ossocioked huperkihler moduli spas
* “There are swpnsing resudbs rUah’ng_
Counh ¢ abs. indecompasable ¢ ., dimensions ¢f chomology
objcds in these moduls”problems proups ¢ therr associaked
over ke Fulds hyperiechler modul spaces
due o
Craudey-Boesey & Upn den Begh 3‘ -gg-w

Hausel, Lakelhver & Rodnguez -Villegas
Sl (Hfmann For vedor bundkea

furthenvere, tiese  moduli poblems have associated

Haul otgebms  which play an importans rele in computing
enumerakive ivoonks  ("Oonaldison- Thomas invenants” ) ond.
N representotion Uncag_



$2 Modul spaces of quiver representabons

A quve Q=(V,A,st:A—V) is a divected grapk

D¢} . A k-representakion of Q=(V, A, stA—V)
is W= (\'\/v,"e V, L?q:\«\lsm—» Ww),acﬁ\\

The dimenson vector ¢ W is dimW=(dim W,) Vele
vé

Tx: Jordan Quiver (6:)
R-rep o} Q is W
Q |12

N~M e NG R 2 D w
Ronk s For kereps W AW of @ oo have
Homg (W, ")
Extly (W,W')
There & an abelion category Rep(q,k) of breps & Q.
Buler Brm: <w,u'y, = dim Hom (W, W) - dim EBxtg(w,W')

Exercises : Tn W Lcture nokes oo

Ex 2.3 (Compui\‘na <\").\‘3’7Q in terms of dimW & dimW')

Ex 2.6 (shomms Rep (@, ) has homological A = )



Quiver modult : damfg k-reps 6§ Q of dim d /o

d
G=Tr GL(d,,k) () Rep:= @Aﬂom (hsm,lﬁm)
veV 0.6

Nok: G 8 Rep are (offne) alqebrasc vanertes over k

Con%\'m@'ng a_quotient’ ~» “oduli spoce”
Mgeoraically Geomeimc Tnvanont ’Meorg (G\T)
Given 0N alg goup adion  GxX—> X

STEPI: Assoonte o GAX, a ring R(X) & funchons
wh a G-achon. on

STEP2: Take #e nng of G-imvanant funchons
R(NG e R(X).

STEP 3: Dtfine G quotient K/G 0s the \anety
Comrespording,  bo R(X)G

OUTCOME: X --- > X/G — GIT quohent
§) 51 R ok nec an ovbut spocel
“Semistaole” XSS )/( constont on erbits
Loaws
A Some erbilts J‘der\’u'%‘ed
*\ Some unstable obiks removed



E} (Tordon (Lw’w , d,-.-Q)

'D G= GL, A X=Makyyy /h:d:
R(X) e CC2u, 2,2y, %] 2> ROOC= CLdet, br)

9: X"= X —> XJG: €' , Mro (detM, &t M)
Ly identrfyes some orbik (INFs): (72 'a) ond ( % 07‘ )
Exerases: Do Txerases 2.14.2 2.8
’f_h_m (L Bru»n & Proesi)  The inanank n'ng_ @(Rep)G'
is generoked by baking froos of onented cyces.
Pablem : for quivers without orrented s, (9(2&p)6= R
and Rep /G = *
Solwdvon : Tn Step |, mod:‘Fy the G-achon U.ang o
(King et abi . V
ity pwvametr O e Z

O detemines o Chaader Kg @ G — G

Oy
V) !_'5 ll da \'J
(szev "“'V( $ )

With we wse o WPt W G-ochon b e tivial Line bundle
Rep x AN by 4-(r,2) = (37, Xe @2
lt Lo denok Hus G-line bundle on Rep

G ods on the nhg R=@ H°(Ktp,l:“) ¢ sechons of
n?,0 powess of L



73 RG‘ c R derote fhe invanant nng , then for each G
we obfain: Rep - —-> Rz.p@G

GIT quohent
U oss 7 q

© -ss LocusS Rep w.rt &
Rmk: {) Tor ©-0, RepfoG = Kep//62=$pec(akep)a)
i) The O%-graded prea of RS & O(Rep)S 3 s
Rep/,G == Rep/G
i) As A={ ETda,),,,: teGm] ARep trivially, e need
Ao (AY=1 for vivanwt sechons of £2" b exist for n7 0

Assume |Z,,6vdv=0

Moduli #heoreht  descnphon of Stabiliby

Ded: A d-dim® h-rep W of Q s
O -semistable  § ZV Sy dimWy %0 fau Propes Subreps
6 e 0*W' SwW

Wesay & fs genenz vt d O -Semistabiuly & O -stobuity
fr d-dimt reps & Q

Do Exercse 2.20 )
% Exetse 2.23

[K"%] GIT & -semstbuiby & moduli theor 6 -semistability

ME*(Q):= Rep//,G moduli spoce of, O~ d-din kereps of @



Symplecac quohen’s (k=C): Homwboruan reduction,

d, d
T Uu(d,) < G=TTGM,C) () Rep=@Hom(C ¢ “)=C"
N vel/ veV achA
maxt Compack
HMN) = ZTe (M N) ~ w=-ImH
seh (In fact, kKéhle)
non-deg Skrw-Sym bn«.\ew ~“
The U-achon en (Rep,w) v Wsttn
moment  map : Rop —9 ¥= (b L)

(Do Exerase 2.2R : explicit descnphon o ug )

Ramillonion reduchion: 7" (0) / + induced
[ Marsden - Weinstein, Meyer]

Stohpor. © ¢ Z¥an e * Ay "(9)/

Kemp@-Neas Thm

(o) @ R al
AR S R

Thm (H) (k= C) Twee natwal Strahfiahens of Rep ogree:
) GIT ¢ by GI\T instability
2) * Morse srratifrcahon assoc. fo (lul*
3) Moduli : using R Wrrahons by subrepresentanons.



Br: o inZe  ds(1,0)

2. ° -.N ]
G= C+C* N, Rep=@® Hm(LC)=C" s 0
v . ' oA Wes in e Closwe
= §x8§ Cdi each orbuwe

Note : diagonal torus acks tvially, so can consider

A<C\/G=Q‘j N Rep=C" 5 @&y.. W)
\'}

wzR o iyt
v
e 6=(-4V) eZ Kmp'?- Ness homeo

y n- na¢ ©-ss
(G)/ = S/ “...’ﬁ: ’.‘—‘G.-‘(O}/Gy = RLP/G:X =Reg/£x

Furtthy: Exampls of quier modul Spoces

* Grassmanmans GOr(r n) ore quiver modul spaces
—

.\:’.‘J)' Glfn’ RQP Mo‘err\, - — RQP//GL(. Gf(f'ﬂ)
d=(1,r) Ri)Pe—ss rk="/
* Configurahion spacs o n pow:s in /P,L
\)1,/’ (k= C)

¢ Modulf Spaas of inStantons ~



3 Moduls spaces Of vedtor bundles on curves

Mk X be o smooth pojechive algelraic _aﬂe./lz

NM
"o S““W“ « 4 b 1-dim®
Jocdol cnxensn : ﬁ:,r olk peX x - V(‘F\)-&w\x C‘P“ WQ‘-H
k. (ag%‘(P)> =n-1\ VGnishing Locus of- hamog. pelys.
]

Assume : k=R
(Over k=C: X = compoct Riewonn suace) (for simplucity.)

Gemws of X : 3=d"mH°(X, Ly ) (= topelogunl qenus )
Cononwcal, — @
LWas. bundle x  Cotangent burdlie : sheaf

(- Pornis

Def: An (al_ge_qut\vtdnr‘bw\dle VU X of ank 0 @ a
morgnsm TW: € X of olg vonekes se 3 (Zaeski) open
Covor K= LW and ¥ eT 3 log mwalsahons
Yo THUY D Win Ay s PRoWisTla
: U OUj x A'\p_ — UcalUy = /A'\\,_
(%, v) > (=, gglov)

Of\d Yi o '\V . I
‘\ (7 . .

Wi transitien funchs  gej: UcNUj —> Glg.

Ex: o XrAy 5 % s the vl te n vedhr bundie
* The (w)tangent burdle on X 15 o line burdle



l_l_v__v\b. Constvuchons tn h;\eor olse)am. cary over fo vedlor pundles /X ¢

direct sums E®F 59X th vm
tensor producs E@ F =X rle nm
duats E’ den

extenor powess 1 dek(€)=N\"E e\

E—x% o n S,w,
Foxthm

~) nohons of subbundled 3 quohent bundles
2 veclor bundle  homomorphisms

Ruk: We hove equivolenss of categones

k=C
Vet™(X) = Vek(x) = Cek"g' (x)
<J GAGA £

ldkomorphiic vecor
bundies on the RS X abelan Cok

CoAr (X)) €708 hom. dim 1
[BE(e,8) = WX Hom(£F)) =0 ¥ (7 dim(x)=1])

Eveny  crerent sheaf on X is on extenston of o

Localhy free tweod (vector bundle) by a " forsion sheal "

e o hnile sum of "sbgscraper sheoves at x & % O'I
Notahsn: ks

“There IS o S.e.S oj coherent sheaves
0- Oy(x) = Ox — ko O



Rutationshio bekwern divisss and Lne tundles on X

DNDQ {Z "'p p Mp€EZ enly ﬁhd'dﬁ many non—aeroj
ap undwf Ld{ PG I
oddchon

Z 3 i:"w
fr D= Pi:\p? 3 Une bundle G (D) &se.s
€

0= 0x(-D) > Ox — kpy=@ k ™0

Mal echans van Pex
of 6@)} Ly soeting verkhet @
~? Uneor equiv: D~E & Ox(D)E Ox(E)

(o =C: DRE offer bythe dinsc & o meco fanchon)

'Iac. o\ = DNo( X) /~ € Lneor equiv classes Of deg O divisors
group ag degree N Toawbian Vonely , smocth o oMM gp / k.
Une. kalea on X/ L dim Joc(X) =g genvs & X
Constuchon @ Toc(K) over k= €
We con integrate how —forms 1 along pots ¥ w X
Fix xe X: for ony pe X ond F:x~p, S{wed:

utegrol  depends o chote o podh

Pbel - Jacobi map
oL X —Toc00:= K48/ W 2)= €353
P — [o\—% S:w'} Cx s &

Al 8_

extendd 1 diwnsos -
D\deX\ — Jacl X) ‘"duo“ﬁ 'So D\\/’i (x), = Jac(X)

/
Zvep 1> Z Mp-ol(p) ~
peX peX



Moduli of vector bundts Clossify vedor bundles on X/ =
fix invanonts : ronk. n, degree d

Dy The clegra. ¢ E— X & deg(E) = deg(dek €)

Ql'_“‘_’d The Riemann-Roch Thm expresses the Euler charagtenshe
ﬁEinWM&o}%Lern g degree d g T :
X(EY: = dim H%‘K,E\ - dl'mH‘(Y,E\ =nd -}-r\(\_%)

Sure duclity: WIXE) ¥ (X E' wc)b
Buer form: <€F>= X(E'BF) =ngde -ndg + NN (-g)
o A0
Exercse. : prove the equal@ (e deg(EGF) =dg'\p+dF“€)

Ex: The Jocobion VOn'eky. Toc(X) s o madul spoce for
rone | degree O Une budles on X /X

for n7l - Yre famiy of rn degd bundles 's/’unboundecI

. b Obfain o moduki SPo@.: Nstnek o “emstable
vedtor bundied

Stobuiny for vedor bundles
Def : The slope of o wedor burdle B =X 1§ u(€):= deg€
rk€

E s semistoble ¢ V#E‘g E: }L(E') s p(&)
(Fesp. sokols) o Subbdle Cresp. <)

Exerasea: Do Exerases 3-3 L 34







