Moduli of vechor bundles : Clossif  vedror bundles on X/

fix invnonts :  ronk. n, degre d.
Dy The degree of E— % & d{g(E):dcs(dch)
Riemann -Roch Thm:

XCE): = dim WAXE) - dimH'(XE) = d+nU-4)
Surre duality: WX E) ¥ KX, E'a Ve)”

Buer form: <€F>= X(E'BF) =ngde -ndg + 0N (-g)

Exercse: prove the equalily /v(ti- deg(EBF) =dehe +deng)
(k=€)
E: The Jocobon voneky Jac(x) = DWV(X) /A = €3/A

'S o MCduh‘spoD.fu- dggra 0 Une bundles on P(/".\:I

for n7l - Yre famiy of rln degd bundles 1s unbounded

« o obtain o mdul space_: restntk o semistable
vedtor bundied

Stobuiny for vedor bundles
Def : The slope of o wedor burdle B =X 1§ u(€):= deg€
rk€

E s semistoble i V#E‘g E. }L(E') s p(&)
(Fesp. sokols) o Subbdle Cresp. <)

Exerasea: Do Exerases 3-3 L 34




Mgebruc onstuchon of yedor burdle moduk’ paas wo. GIT
Boundedntss lemma: For o semistable veckor bundle F

of ronk n ond degree d>n(2g-1), we hove

) WilxE)=0
2) F s aenzrakcd by iks Q(oba.l Sechong.

P8 Wake T for bu oore. Locally free tueod.

) Bg Serve du.alﬁg,
H'(r,F ) 2 RO, 30wy) 2 Hom (& vx).

¥ H(*,F) #0, dhen T o nan-2e0 homo ¢: F— Ox

lt ECF be the vedhor susbundle generabed by ker®)

)
fezn-1 deg € 7 deg Ker(g) 7 deg¥ - degox = d-(25)

By semistability of F
d-Qq-2) g H(E)S,A(F) = % = dg n(2g-2) s

n-1
2) 1t suffrces o show Vxe X e map on Sralles

W,F)® Oy, — Foc s surjechve,

This follous by consvdcn'n% the Le.s tn W associaked fo
0= Fl-X)=F@g (2((-—1) — F — F=F®k,,— 0

and opptdmz_ ) b T g



C_gr T 5o quohent of o free sheaf of rank. X(¥)
PE: ev: H(XF)®Ox —> & 15 surfechve

ond dim H°(Y,?) =YEF) as H'CK 3;) = 0. ;|
GIT quotient iconstnckon: fix n and o> n(2g-1)

et N=d+n(i-9)

e/ T (Grohendiieck) " an
There 5 o pajective Quot Theme Q= Quok.x (Bx)
paromeinsing mank n cegree d quohents of o8N

N eSS N € ss Lo free sheaf
'\_]_OEPM{\Q = {al:@x ’*’Q'H%;)fsmiso j
Q

Given o e n, deg d. semistable veclor bundle T

v KFV OO —F 1 en
ond o choce of iso  HO(X,EF)X kN ?n? g
(%) Ql"'ss

Gly T Al O2V) v @

U
G (didgonal) acks fmially

Goal: constucr a q,u.oh‘e.ru: of the Sly - achon on Q/* =



Thm ( Seshadn’ Newstead, L Petier, Sim pson..)
For Ye Sly-achon on Q

N Q%= Q’“'SS ie. QIT-ss = m-ss
D /5 =M

ss
X("’d) moduls space of . semistable
ronk n degrea d vector bw\d!c/x

i) £ (n,d) =1, then Semistabliry = stability ond.
\Msxs(n,d) 1S smocth..

dim o/"fis(n,d): "(g -+ = —f)((fli)-\—\

Sumplechc Construchion : wa Gauge ﬂ/\e.org_ (e=C)
it (Avuah & Bt}

Modub' of helo vedor bundles on a compact RS X
%
Cx vectr bundle + heto stwmchue

Ax a e vedhor bundle E=X R Hermihun memc b

CCE)?-‘[Mo Str. on Ej ,'-‘;’{h—unﬂ'arﬁ connechtrS on Ej =
(7 V' — V: _QYxe€) =2 (xE)

6¢= Auk(E) 3 — Vi3 g‘:er.nd\m

Sb=REI) 5 on c0-dimt affine space with a
form -



WgR : -ijbequ — R
(B, 7)) —— [ Tr(pax)
X

The wrwture 1S @ br G A (F ,wR)
. — LA;L * = _S)_o(\(’E'd(_E:h) *
"le o (6 {y” )
V= -Fg € (% 6AEN))
D_Q_/rAcmnccb'oanE\s ¢ 3

Hermitian metwe b st V 1S h-unitany 2

Do Ex 3.\ = Show c=pmlE) > # Fg=-ic Tdg

Hint: d&%(E) = JX 2-_&1’( Tf(Fv)

Hikohin - Kdbayashi_correspondenca. (Unlenbeck asy, Donalcis
Aholo bundle. (E,3) 1§ semstable & E admis a conn.
Morzovu)‘ this connechon 1S unigue up fo um'f-ay gauge fransf

Hamiltonian reduchon of G Q (o, 0g):

ro)'f(a.k -7 -
M = plid ) /g

|1 +— Narasimhan - Seshadl Thm
A holo veckr bundle 1S Stalde & & Comes fom
on irreducidle unitany (poisted) rep o TLX

s
st(n,d) = Css//é‘)ﬁl "\ ¢x algebrarc Shuckure



§l(. Kcé,pa-hb'.klc/ analo‘ga.w of HMese moduli spaced
Huypeskahles quiver modull spaces (k=C)
Quive Q=(V,A,54:A —V)

Doubled quives: for each ae A odd oppesike orrow
Q Q———vo D 5-"(\/ _SE) 8,___

KQPQ‘ @ HOMCCdsm) C k(a\) 4% R‘PQ Repg » RePQ T"chQ

neh d 5
c Tuldy)=Ul < G=TTGM,C)
veV veV
(Quatenons H=ReRi®@R ®eRL ~CoC
" : 3 complex shudtures ond.
Riem, meinc

+ 3 Xohler stwchureS
Quaterniontt, (nner praduok

q H"'x K — H (2,W) 2 E%@wz
=9 "Li-Jwi T

- - We W
Hyperkhler structure on Repg :
4064) =(Z_TOxiD)) -

ach

a u

C ex gyvpl

(Z Te(X Mo - % M\
x4 ) -t (XH) T oe (% ‘f)




TR!. -achon on KQP@' = is

Moment maps
: Repg —™ u? e Repg — ofstuein)
odgebraut
G -equivarant

1§ we u‘dcnh’fy wWzu and g¥of (via kiling form):
X)=£ T Txe ] p(R)=Z DX, Xa*] (o)

aeh aeA
Hyperkahler Meduchon: (Choose e 2" ne ‘33*

L@ apg(n) o~ pe ()
(©) peln) - & e M/G
+ Induaed
R_M__h: ) The RHS makes Sense over any Getd R:
KILP&"T“KQPQ S alg. sympledtic (+ Licwville form )
S an olgebrasc moment map
P‘-‘('\,)/éé\ 15 on algebroic symplectte reduction
) Special case: '\,z('l\')vev € G:V

-t
= Repz p C Repg subwnetyof -
pe (n) P,R C PR Subw ‘:*f“"cfrwzﬁ

Kr\"‘{ Z Xa Xa* - Zxa"xa =Vlvrddv, Ve \’3

a.: Slo) =v a: tl)=v



) Poudfoct refes & Ya hyperkahler reduchion at =0
as the & Mi‘ss[Q) beause
¥ g 05 6 -5S . -
M T(Q) ¢ M@, R =pa(OVG
dense open &
ﬁ)r S qenent.
Hrg%o bundles :  hyperkshler analogue of- vector bundled
GrooL ; HK modli space > TMS, b, d)

diense open

{:or ﬂ;s(n,d).-. moduk. space of Semistalole 2 v\,dc%m.da
vedtor bundies on X (sm. Py curve)

Tea My (0,d) 2 Ext(€,€)F H'(% End(ED)
s Ty M50d) ¥ H%En(e))x (%, EndE)s,)

Det: A Higgp_ bundle oh X5 a pasr (E, :_5) cons'nSh'Qg
of a vetr bundle € 2 X and o homowmorphusm
d: E— EQW, “Higgs fuld’ HigaS Suldedle
(D) 5 semistable 2&/4(6')5/1(6) Y 0+E'SE
(stabte ) <)
Rmk |f Eis a semistable vechr bundle, then (€,%)
—Por ony tigq0 flud & & a semstable Higgs bdle
ConVe.rsd'& Hure ore unstable. vechr bundles which odmk a
tgge Ridcl 5.t #he asoc Higgs bdle & Sbbe ( Exeruse 4.10)



Construchmn of ng% modlukSpace
Mgebraic): wa GIT (see Simpson's papers)
Gauge theoretic . Hypeduohler reduchon of  GOL T b

Cwitchin}
Recald i3 12§
VY € =4 3 holo s 7 unitay Conn =%
G GJ(; (A-8) } d

T ¥Cx L, (E)) = shx (U EndlE, W) —r"gb‘7
Mnl |
Lkl%g Lﬂ'ﬁ*
~ peo) =1 (3,2): T 1s D-holo

My = (g (CiId)OfAé'(O) )/

gen.
11 Wichin- kbe.SCS\M

%ss(f\ d) moduki space f Ss Hen deg d Higas lodles
Other feakures -
1) Witchin's iceqrakle system h: 1 (n, d\ _, ﬂ\

i) Non-obeknn Hodge Correspondence. [Simpson, Corlette, Donaldson )
reloken ?lxln,d) with moduls of connechons & G- reps 5§ Th(X)






