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Postinty of Hu Kac pelynomial via HK quiver moduls
Dd foxr o fnire Pard H:q, define

"de (%} =4 qu-mps f Q@ of dim d_
' ohich are fndecomp oV Ty /2

Tm (Kac) h@d(9) e Z[q] Kac polynomial
(Ds Exercises S8 5.20)
Kack posuiwhy conj : The coeffs oé Apd(q) are 20

Proved bg melcs—eoe.vud 2 Von den Bergh
Hauset M&L&% -Villegas & hokeldies

Tdea : inteprekt coefficiens as dimensions GF
cohomology groups of HK quives moduli spaces
)QJI 5 over R=C

Generolrsahon
modull of reps @ @  ~> modulc of vedrer bundles

on o Riemann surface

(k=€) modul of ¢ Q modull @ Hrggs burdles
Scxhsﬁjnhﬂ mmﬁ map tel’k’o) on a gemgngsw@aa_

Schiffmam : Computes the dimensions &f Cohomology
goups o Higgs moduli spaces (k=C) by
counhhg indecomp. veckor bundles
on alg,. curves over finte fieds.




Stotement in guiver S‘ekh'ng

Assume: Quiver tithout leops
d indiustble dimension vedor
G genenc s*abﬂ\"b pacam wrt d

Recoll: T“MQA'SS(Q) c M5 (R Ro) = /A"(")e/ G

O—

n,

Xo over k=C
’ﬂ\_m ( OOU\Q%’BQ.% and Van den Be.rsh)
for @ d ond 6 as above & for a fate Robl Ty

e -9 .
Rqalq) = 3 dim K™ (%), 6)g e din s

rks of absolubely Bt numbes o ke

Counts of alosb numbpers M.Space Ao

(ndec, reps of Q o ©-58 reps of (Q,Re)
Over h=“‘~% over k=C

Tn porticuor, ""Q, 4q) s o F”(ﬂ it cotffs 30

Cor: Bett no.s of the HK quiver moduli' space do '_5_2"
depend on 4 Stobilty param. &

Outline of- fus. proef

STEP I:  Deforming the fiore of he Moment map o
produce a colomolog,fcaj,{g, iviat {?amu'lﬂ

e X:= Mg~ (§,Re) = p(O) /G




Constwct o ?amdd
€ with  speciok Xo & genedc X = X =%
A 0 t#o
: LA
by sexting % :- (L,)/é G o
ohere L _C o § te Wne joning 03 E
Over k=L : Uging the on Repa  you can
sho s -famflg, s topologically tnvial
=) Snjular cdhomology of X & Ro conude

STEP 2 : The scolingadtion and punky o . special Qlre

We haye Gm O RQPQ- scal\‘ng&adion on morpusms
. . . m
wth o un\que f‘sxed point cha ={03,

Moreover, lim £- X = 0 ¥ XeRepg
-0

Dk A Gm-adion On o Smocth quasi-proj. vaneky Z
\S semi-projeckive Y ) (é.’v_\_;\o bz exss ¥V ze 2,
& iy 2Om projective.

B: » Gm Q Repg 15 semi-proyechue

. Pm3 GmQ Z S semr-projecb‘ue.
il

c G N "Wi(n,d)a-\«ig%o moduk’ spa@ ﬂr (nd)=1
t-Ceg,8]=[E/t8] Iis semi-prgechve



Recalk %, = }L"( O){ G ;&3 f«“(o)//&emﬁeg\t

lamma :
) The Gim-achion ond G-achon on Repg commuke,

) m: Repg —>64 & Gm-2quiv foc Gm()oa veght 2,

(i) There s an faduced @m-achen on Xo and i (0)/4
st p is @Gm-equvanont,

V) Bm 0 1 (0) /6 & semiprojechve (3 single. G - fixed )

) G %o IS Semi-projechive. pone

f_’&- Exeruse.

Biolunicki- Binda deamposthen : by mnsidenng ée fow
under the Semi-projechive Em-adtion, We doain o deformahon
tefrack o tu Gwm - Rxed locus.

~N) Cdmmo\osg of %o Can b2 expresed in terms o X.,@'“

~) Cohomology o Xo s puse

STEP 3: funly and poink counhing over finite felds

The Weil conjectures, enable one fo compue Ha Beth’ no.s f a
smocth proy Vor /€ with good wd. 2
mod p by @unting o - poiats & 2.



Mirough X, 15 et prechve, is pue 3 we an sull use
finile point counte 1o determine f Beth’ nos of Yo powded.
e finde point counts ae  polynomrals:

lemma. (CB- WdB)

(Y34 Z/Fq, be O swocth vanity which s pure and. has
pdynomial point count: 3 Pt) € ZTt] st lZ(qu.-)[= P(q ).
Then 2 dimﬂ?(i, QQ)QL = P(q') (L copnime 0 P)

(%0

Q: Does Xo hove polyromral point count over fnie freids e
Whot albout the genenc Bbre X of E—-MN?

STEP L : Point count €or the generic fbre X ond
obsolutely tndecomposoble vector burdies

Tdea: relake ¥he point count l%(ﬁ\l wuh e
wunt Rg 4(q) of obs. indecomp fq-reps ¢ Q.

Ko Thm: polyromial hen qzp’ and p>70-

The telahondhip Comes Sfrom work of Cratdey-Borvey
Studying the forgetfur map
§: ’J."(G) 5 Repg — Repg



Thm (CB): TThs mop £ has image on fFq-points
Repa (Fy)c Repg (F, )
The flore over an ndecome Fo-rep W @ 5&(;(%“3‘_
lomma, : Over k=g,
(e = pH(e)

PR. Tt sufftes to check this on I and then we
@n check e statement on desed poink.

Noe m'(e) = Rep(R, Rg)
We. claim #af oy d-dme rep. o (@,Re) has 0o
subcepresentahonS (so ©-ss 1S imwol).
If o d'-dim€ 1ep of (@, Ro) exirts, ten E\gvd\’ﬁq
(Ex: check s by tdking tracs of the red"s in Re)
Howawer os © 1s genenc urt. d, ¥ d'<d we have
'%'_evdv'#(), shich also hold s k i cher(R) 750
Pence no such Subrepresertobion exsi. ¥
@(CB—VdB) for p770 ond q=p"”
RQ@,dqg) = 9% X(F) ez L dim X
PE: Recalt ©-s5 on pil(6) i trivaal, thus

—

M) — x-,p-'c@)//&a is a pincipal G -bdle.




ere Gi= G/A B GmYA< G dugmal subgp

o.cb‘na, 'h\in‘alks.
hence [ X(Fq)| = | p'(8)(Fo)l

/ l G(Fq) \

/I\ T general over o non -alg closedt fuld k dew rat® pis
T f 6a GT quohent X # rotCorbits
h:ﬂl quam,dm

In Hs cose, as Be(F)=0 : fiy-pts of quotient = [, - odoiks

(%)

for d indinsible dim vector = abs. indecomp. & indecawp.

e d(q)<|Repy (7)/ GIFY ~Bgs

LT g lEdg)
Thm(cr) ¢ 1G(F)| WeRe () |y Stop_(W> Aulgfu) . 8 dest €
me e ( v PQ v O /‘5... Endg(w)

N ~J
map £ = -_fl— Z q'/" l&dq({-‘—(\«)))\

() _
dim Enchg (F(N) ) -dim Bxtig (F7) £() = <dl,d Y,

Q
6-ss -—
dim X = dim M3 “(R) = dim Repq -dim = 1-drg
(E_X: <d,d>Q = dim G - dvm QQ—FQ) "]

2 |
e= -
2



STEP S: Koc's Thm on abselukely indecovp. reps

Thm (koc)  sbg 4(q) is pelynomral in g .
Ly Kc,g_ ideas -
+ By Galors decent: suffites fo show H indecomp 1eps /o

w polynomral

e Krwll - Schmidt Thm + induchdon on d < sufhtea b show
#repsS /o Pela.novm‘al,

* Rpply Bumsde’s fbrmula +enumemre all possible
Jordan nomal foms ...

Cor [X(fg)| s polynomral wv g.

STEP 6: Specialisahion ard rdlahing the cdmomo(ogm
of the speciak flae and genedC fbre

N_gk.'s EVU\dW\U\S S dC‘RﬂCd over Z: RQPQ' RQP&' and G
asS we\\l as M X.Xo and Ww— Al
lammo. : These exSts o non-empty open set. UC SpecZ
over hich £ = A v smode,
Tdea: Suffeer ® Show £ >N & Smooke afles bose
change fo Q. As G/ ook freuﬁon the G-ss Locos
M is Smotta on s Locws. Webove  UY(Le) ST X

o V
(%) b smocthe D E AN smede. N LeX A



Pm&s_ﬂ'\‘on: for o fnite fud IFq

we have
% (F3) | = [X(Fy)]

Eg‘ Stace X — A s tbpolos\'cawa_ yiak over k=C
via fhe Compancon thm
we Obtain : ﬁ;r P70 and Q,f‘)
“Zcxxf;ﬂ;h Q) = Hcc.CXo*F‘LK‘:? y Qa)
Comparible. wwh Frobenius. We've juist sean that
X& Yo ot boh smostn ¢ p>20 ond the daim
fououx 2

Cr: for o fiue fud
| % (F) | = 9® hqa(@) + pyrshaal v g

@I}: Tl fact thok many mvanants of X &% agreL
(S encapsulaked best by a motiuc stakement concerning
Gm - equiv. specialisahons af Smeet semi-prgrechive vonehes.

“Tam (Hoskins ~Pepur Lehallecr) Cemi-p rajective.
lk 3t be o swosth g-pei R-var e GBm QO X
and e S A smethr B - 2quiv. morphism (ﬁgﬁfﬁd
Then ¥ te A: M(Xe) ¥ M%) ( eGpolity of Veewodssy mebies)

@ﬁ Mobivic non -abelion Hoaae— fam B l’h'ass maodkdi Spaas



To poss betwean GIT quotrents over k=C and k=EF$,
we use a resulr albouk  GLT ever Z and base change..

Consider S=Spec Z[] and a vanely £ over S
) ZIWN] S € givw o Cx vanely Zg =F st

‘ - chon &f
DI PN, ZDAL 2R gives Frvor 2 regudiey P
kemma.: for S=SpecZ[§] & a reduchve gp scheme G/s
acn'ns Uncar(:’ on a quas"ij(Ohbe scheme %/S, Jues
I\M‘CM% OPU\ sek owver whith e ft‘:'mal\'on Og- “DL GlT

ss loaws oand GIT t‘ud'\‘en\‘ commules it base chonge:
e Vv Spech — U

Sl = (Bah) and GG)xk 2B RY/Gak
P& [CB-wdB, Appendix B,

Noe: LCS=Spec Z[ ] & of the fom UsSpec Z[ ]

open fr N|m
~) con gust replace N by osuff large mulkipla.,

Then for FX N we have bose changes
Z‘“?? —_— .Z—Z—Fpr' — Z < Z—C
L | J l

Sec 5 — Spec Fy —> S «— PecC
Wit oA commure WiH Y formahoi @ GIT quohents.



Pl e Thm: bt Fy be of suff large chor p770
st i) & — A' & smoot over
i) GIT commuics witlh base change o dbave for . 2 C
) 1% (Fg) )= LR (Fq)\
Then Xo & pure Wik pe(dnomral Po’unx: counkt
\Xo(FCb\l'—' CLQ' -%Q,A(‘L)
=) compacky supported C-adic Poincard poly. f % &
Gfven by
‘AQo\(ﬂ) q{ Z dIMHz‘()(‘,,Qe\%

Since  BIT commules W base change (as p270)
we have o cx vanety Ko,& defined over QL Ohase
Mduchon mod p s a fp-voanely Ke.

5'9Q,d(‘1) = % 2 de (xo,c, d:)ﬂ,

‘.7{
I) Pocacare dua!du
Xo,(; Smoal-&-v of dm 2e

LT dmME o )
(=0 I~ smawar cdhom Gg-
Onmﬂhc vor-, )SlQCC)




